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Abstract
This work deals with a two-scale vehicular traffic model, where the mass conservation equation is closed by a velocity
probability distribution, parameterized with respect to each density of vehicles. The above probability distribution is identified
on the basis of both experimental information and theoretical conjectures.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The large and increasing number of vehicles both on highways and urban streets and the well known environmental
and social problems related to traffic congestion has motivated, among applied mathematicians and engineers, a great
effort to understand the dynamics of traffic flow and to work out a mathematical description of it. Three different
approaches can be developed to model the traffic flow, each corresponding to a different scale of phenomenological
observation. In more detail: microscopic modelling consists in a dynamic description of every single vehicle
influenced by the surrounding ones; statistical modelling mainly related to the kinetic theory of gases yields an
evolution equation for the probability distribution function of the position and velocity of each vehicle; finally
macroscopic modelling is related to fluid dynamic modelling and corresponds to evolution equations for macroscopic
observable quantities of the traffic flow, i.e. mass density, linear momentum and energy. The mathematical literature
in the field is reported in the review papers [1] and [2], while the interest in this research field is documented in a large
number of papers published in recent years, among others [3–10].
The analysis developed in this work is motivated by the paper [9] where it is suggested, in the last section, that
one describe the traffic flow patterns through a multiscale modelling where the mass conservation equation, which
involves local density and velocity, is properly closed, linking a suitable velocity distribution to the density. In other
words the velocity of the vehicles is regarded as a random variable, in a complete probability space, identified, for each
∗ Corresponding author.
E-mail addresses: ida.bonzani@polito.it (I. Bonzani), lorenzo.mussone@polito.it (L. Mussone).
0893-9659/$ - see front matter c© 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2005.06.020
I. Bonzani et al. / Applied Mathematics Letters 19 (2006) 908–912 909
density of vehicles, by a suitable probability density. Moreover, the paper [10] suggests referring the above mentioned
velocity distribution to the most probable velocity taken as a function of the local density. This work deals with the
identification of such a density on the basis of an approach which uses, as experimental information, only the mean
velocity of vehicles regarded as a function of the local density and the velocity variance.
After this introduction, the work is organized into two more sections: Section 2 deals with the statement of the
problem in a suitable mathematical framework; Section 3 provides the identification of the velocity probability density
introduced in the previous section, and finally this section also outlines some research perspectives.
2. Mathematical setting and problem
This section provides the mathematical setting and the statement of the problem dealt with in this work related to
a one-lane flow of vehicles on a road. Consider first some reference quantities involved in the analysis developed in
what follows:
•  is the length of the road;
• nM is the maximum density of vehicles corresponding to a bumper-to-bumper traffic jam;
• vM is the maximum mean velocity, which may be observed by vehicles on an almost empty road;
• vr is the real velocity of the single vehicle;
• vr, = (1 + µ) vM is the limit velocity: the number of vehicles with velocity vr ≥ v is negligible, where µ > 0 is
of the order of unity.
Moreover, it is useful to introduce the following dimensionless quantities:
x = xr

, u = n
nM
, v = vr
vM
,
which represent respectively a rescaled space density and a normalized mean velocity.
Still referring to [9], the multiscale model dealt with in this work involves as dependent variables the density and
the velocity, which is regarded as a random variable defined in a suitable probability space. This stochastic approach
is motivated by fluctuations of the velocity that are observed at microscopic scale. Then, the model is

∂u
∂ t
+ ∂
∂x
(u v) = 0,
P = P(v; u),
(2.1)
where P is an equilibrium probability density over v, parameterized with respect to u.
The identification of such a probability density is the objective of the analysis of this work. Some experimental
information is available, as documented in [5] and [6]. Specifically the analysis developed in what follows is based on
the assumption that both the mean velocity and the variance in steady uniform conditions can be delivered by suitable
experiments. In particular, the mean velocity ve in steady uniform flow depends on the local density and it is given by
the following analytic expression suggested in [6]:
ve = exp
{
−α
(
u
1 − u
)}
, u ∈ [0, 1[, (2.2)
where the positive parameter α is related to the specific conditions of the road and it spans in the range [1, 2.5]. Small
values of α imply a less rapid decay of the mean velocity with increasing density, which is typical of high quality
roads in favorable weather conditions, while the opposite description is given for relatively large values of α.
3. On the velocity distribution at equilibrium
This section deals with the identification of the probability density P(v; u) over the velocity variable v (for each
fixed value of the density u) previously introduced in Section 2. The analysis developed in what follows is based on
the following two conjectures:
(1) There exists a dimensionless limit velocity depending on the density u and related to ve as follows: v(u) =
(1 + µ) ve(u), where ve is the equilibrium mean velocity defined in Eq. (2.2). Then ∀ v ≥ v(u) ⇒ P(v; u) = 0.
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(2) A new normalized velocity w(u) = v(u)/v(u) is introduced, with w ∈ [0, 1], and the related probability density
P(w) is assumed to be independent on the density u.
An immediate approach to identifying the above probability density consists in using a Beta-distribution of the
type
P(w) = c(a, b) wa−1(1 − w)b−1, a, b > 1, (3.1)
where a and b are real parameters greater than unity and c(a, b) = Γ (a + b)/Γ (a)Γ (b). The two parameters a and
b are related to the mean value and variance of P(w) as follows:
E[w] =
∫ 1
0
wP(w) dw = a
a + b (3.2a)
and
σ [w] =
∫ 1
0
(w − E[w])2 P(w) dw = ab
(a + b)2(a + b + 1) . (3.2b)
On the other hand, since on empty roads one has ve = 1, it follows by the definition of w that
E[w] = ve(u)
v(u)
= 1
1 + µ, ∀ u ∈ [0, 1]. (3.3)
In particular, for µ ∼= 1, by comparing with Eq. (3.2), it is seen that the following identities hold: E[w] = 1/2, a = b
and σ [w] = 1/[4(2a + 1)]. More generally, when µ is not fixed, Eqs. (3.2) and (3.3) yield
b = µ a, σ [w] = µ
(1 + µ)2[(1 + µ) a + 1] . (3.4)
Coming back to the dimensionless velocity v and to the related probability density P(v; u), the mean value E[v; u]
and the variance σ [v; u] are related to the corresponding ones E[w] and σ [w] as follows:
E[v; u] = v(u) E[w], and σ [v; u] = v2 (u) σ [w] =
v2e µ
(1 + µ) a + 1 , (3.5)
where, taking into account Eq. (2.2), the variance depends on the three parameters α, µ and a for each value of the
density u. Then, the probability density P(v; u) is related to the probability P(w) as follows:
P(v; u) = P(w) dw
dv
= P(w)
v(u)
= c(a, µ a)[(1 + µ) ve(u)](1+µ)a−1 v
a−1[(1 + µ)ve(u) − v]µa−1, (3.6)
with v ∈ [0, v(u)]. The dependence on the density u, regarded as a parameter, is completely included in the definition
of ve as given by Eq. (2.2).
As documented in [5], the variance as well as the mean value can be obtained by suitable experiments in steady
uniform flow. Once the value of σ [v; u] has been assessed, one can deal with the identification of the parameter a. In
fact, in accordance with the above conjecture 2, the variance σ [w] is independent on the density u. This means that
σ [w] may be related to the experimental datum for u → 0 reported in [5], i.e. σ [v; u = 0] = 0.08. Once such an
experimental datum is inserted in Eq. (3.5) where ve = 1 and v = 1 + µ, then the parameter a is identified in the
following way:
a = µ − 0.08
(1 + µ) 0.08 .
The condition a > 1 is certainly satisfied if µ > 0.17. In particular, when µ ∼= 1 one has a = 23/4 = 5.75, and
consequently
P(v; u) = c(5.75, 5.75)
2ve(u)10.5
v4.75[2ve(u) − v]4.75, v ∈ [0, 2ve(u)]. (3.7)
Three representations are reported in the following. Fig. 1 shows the variance versus density, when µ = 1, and it is
compared with experimental data at the best fitting value of parameter α, which is α = 1.25. Fig. 2 shows the velocity
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Fig. 1. Simulations and experimental results.
Fig. 2. Velocity profiles.
Fig. 3. Sensitivity to parameter α at fixed densities.
profiles at different values of the density, when µ = 1 and α = 1.25. Finally a sensitivity analysis of parameter α is
reported in Fig. 3. In more detail, Fig. 1 shows a good agreement between simulations and experimental results and it
seems to confirm as reasonable the above theoretical conjectures, while Fig. 2 shows how the velocity profiles tend to
a delta function over v = 0 for large values of the density.
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Then, once the distance between the probability distributions, which depends on the traffic density, is introduced
as follows:
d(α; u) = ‖P(v; u, α) − P(v; u, α = 1.25)‖ =
∫ 1+µ
0
|P(v; u, α) − P(v; u, α = 1.25)| dv, (3.8)
the last figure shows a sensitivity analysis with respect to the parameter α, at fixed values of the density u.
Finally let us remark that the simple analysis proposed in this work aims to provide an immediate tool for dealing
with Eq. (2.1). The probability density distribution over the velocity variable is derived from experimental information
rather than by a detailed microscopic analysis of interaction among vehicles. Calculations may possibly be improved
by parameterizing the above probability density to the so-called “apparent density”, rather than to the effective density.
Following [11], such a density is the one felt by the driver, and differs from the real one as it is also related to gradients:
it is greater (smaller) than the real one in the presence of positive (negative) density gradients. The heuristic approach
proposed in this work looks at engineering applications. Certainly it can be improved by deriving an evolution equation
for P using kinetic equations derived starting from the modelling of interactions at a microscopic level. This is the
approach proposed in [10] for a system of vehicles with discrete velocities dealt with as active particles. The literature
on the derivation of master equations for active particles is rapidly growing, as documented in [12], with application
in various fields of applied sciences, e.g. social sciences [13], biology [14]. The first step of the modelling process
is the most challenging one as it consists in the mathematical description of interactions between particles whose
microscopic state includes, in addition to mechanics, also the skill of the driver. A first step toward the above target
is proposed, as already mentioned, in [10], while it may be interesting comparing the result represented in Fig. 2 with
the one obtained from suitable master equations providing the evolution of P . The complexity of traffic flow is well
documented and deeply analyzed in the book by Kerner [15]. A multiscale approach can possibly describe phenomena
observed in real flow, but not accurately described by hydrodynamical models.
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